It is natural to try to place the new polynomial invariants of links in algebraic topology (e.g. to try to interpret them using homology or homotopy groups). However, one can think that these new polynomial invariants are byproducts of a new more delicate algebraic invariant of 3-manifolds which measures the obstruction to isotopy of links (which are homotopic). We propose such an algebraic invariant based on skein theory introduced by Conway (1969) and developed by Giller (1982) as well as Lickorish and Millett (1987) .
Summary.
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Let M be an oriented 3-manifold and R a commutative ring with 1. For r 0 , . . . , r k−1 ∈ R we define the kth skein module S k (M ; R)(r 0 , . . . , r k−1 ) as follows: Let L(M ) be the set of all ambient isotopy classes of oriented links in M . Let M(L, R) be a free R-module generated by L(M ) and S L(M ) (r 0 , . . . , r k−1 ) the submodule generated by linear skein expressions Theorem 3. S 3 (S 3 ; R)(r 0 , r 1 , r 2 ) = R provided that r 0 , r 1 and r 2 are invertible in R. 3-cells and f : M → M is the natural embedding then
is an isomorphism. (e) For a disjoint sum of 3-manifolds M ⊔ N one has:
One also has the following universal coefficients lemma:
(a) Let ϕ : R → R ′ be a homomorphism of rings and r 0 , . . . , r k−1 elements of R. Then
where R isomorphism (as well as R ′ isomorphism) between modules is defined by identity on classes of links in M.
In particular: The most convenient choice of R, which allows some computations but is still quite general, is Z[x ∓1 0 , . . . , x ∓1 k−1 ]. We will denote the skein module
If we assume that M is compact-oriented 3-manifold with no 2-spheres in the boundary and k > 2, then S k (M ) is known only for k = 3, M = S 3 (Theorem 3) and k = 3, M = S 1 × D 2 . This latter can be derived from the result obtained in [4] . Let 
where as in Conjecture 7 the monomials should correspond to layered families of links in a handlebody being a part of a Heegaard decomposition of M .
The next conjecture is a weak version of the Van Kampen-Seifert Theorem. Namely, if M ∆ N is a disk sum of two 3-manifolds with connected boundary then the natural embedding i : M → M ∆ N induces a monomorphism on skein modules.
Relative skein modules. Let F be a 2-submanifold of a 3-manifold M where F is either in the boundary of M or F is properly embedded in M (that is ∂M ∩ F = ∂F ). Similarly as before, R is a commutative ring with 1 and r 0 , . . . , r k−1 ∈ R. We define the kth relative skein module S k (M, F ; R)(r 0 , . . . , r k−1 ) as follows. Let L(M, F ) denote the set of all ambient isotopy classes mod
where diagrams of relative links L 0 , . . . , L k−1 are considered to be different in the exterior 2 of F .
Definition 9. The module
1 Added for e-print: I didn't utilize fully the suggestion of A. Joyal, otherwise I would realize that the empty sequence should correspond to the empty link and that the skein module for the product of a surface and the interval is not only the ring (as discussed before Figure 5 ) but also a unital algebra with the empty link as the identity element.
The lack of the identity element made my description of the structure of the Kauffman bracket skein module (and ring) of a solid torus unnecessary awkward. 2 Added for e-print: they can be different only in the exterior of F , that is, they are identical on F .
is called the kth relative skein module of (M, F ).
The points L ∩ F are called inputs and outputs of L. The expression (8) uses relative links with the same set of inputs, say a 1 , . . . , a n , and outputs, say b 1 , . . . , b n . Therefore, for the given set of inputs and outputs one has the well-defined submodule S k (M, F ; a 1 , . . . , a n , b 1 , . . . , b n ; R)(r 0 , . . . , r k−1 ) of the module S k (M, F ; R)(x 0 , . . . , x k−1 ) generated by relative links with a 1 , . . . , a n as inputs and b 1 , . . . , b n as outputs. This concept was first considered in [8] (preskein, linearization of a room, etc.) and F has n  inputs (a 1 , . . . , a n ) and n outputs (b 1 , . . . , b n ) then
is a free Z[a ∓1 , z ∓1 ] module of rank n!. One can construct a base of the module by choosing representatives of n! pairing inputs and outputs. For a proof see [9] . In the notation of [8] we have computed the linearization of a room with n inputs and n outputs (Fig. 3) . 
It is difficult to compute the skein module in general, but for handlebodies it is an easier task.
Theorem 12.
(a) S 2,∞ (S 3 , R)(A) = R (b) S 2,∞ (H n , R)(A) is a free R module with free basis L N (F 0,n+1 ) consisting of a trivial knot in F 0,n+1 and links in F 0,n+1 with no trivial components.
Proof:
(a) can be thought as a special case of (b). In fact, the definition of S 2,∞ (M, R) was chosen so that the Kauffman proof of the existence of the bracket polynomial [6] gives us Theorem 12(a). More precisely, if R = Z[A ∓1 ] and the trivial circle is the generator of S 2,∞ (S 3 , R) then the coefficient in R of any link represented by a diagram L is equal to (−A 3 ) −swL L where L is the Kauffman bracket of L.
The proof of (b) proceeds in two steps:
3 Added for e-print: My definition is rather cumbersome as I work with unframed diagrams. Notice that (−A 3 ) swL L can be viewed as framed link with "blackboard" framing.
Step 1. 
On the other hand one can easily check (see [6] ) that each link diagram on F 0,n+1 up to Reidemeister moves can be uniquely expressed as an
Now we will analyze more precisely the situation of a solid torus (
consists of a trivial knot in F 0,2 and copies of circles parallel to ∂F 0,2 (Fig.  5) .
The choice of basis depends upon the product structure
If one considers a link in S 3 one of whose components, say K, is a trivial circle, then K determines the product structure of the solid torus 
. 4 Added for e-print: Again, if one allows the empty link the description would become much simpler.
Proof. Notation was chosen so that it holds for initial data. Then we use the induction. 
and (K ∪ L 00 ) are link diagrams identical except the parts shown in Fig. 6 . (cf. It is interesting to analyze the operator of the change of a base in S 2,∞ (H n , R)(A). We will consider it in the simplest case of
Change of a base in S 2,∞ (S 1 × D 2 , R) (A). Let µ be meridian of S 1 × D 2 and λ and λ ′ its longitudes (λ ′ = λ + µ) (see Fig. 7 ). Let T be an automorphism of R-module
The operator of change of a base in S 2,∞ (S 1 × D 2 , R) (A) plays an important role when one analyses free Z n actions on S 3 preserving a link [12] .
Finally, one should observe that there is the natural surjection from the skein module onto the (first homology) group algebra:
Proposition 15. There is the following ring epimorphism from a skein module to a (first homology) group algebra given by associating to a given link its homology class
One can build the skein module S 3,∞ using the relation for the Kauffman polynomial (involving , ,
and
) but we will not analyze it here. One can consider chromatic skein modules of 3-manifolds, S ch k (M ). In this case one starts the construction from the free module over all isotopy classes of chromatic links in M and each relation involves only one color. The paper [4] deals with the dichromatic skein module of S 3 .
J. Hoste and the author have also analyzed the homotopy of the skein module of 3-manifolds (S h k (M, R)(r 0 , . . . , r k−1 )) which is built similarly as the skein module; that is we start with the set of homotopy classes of oriented links in M (denoted L h (M )) and we divide the free R-module generated by L h (M ) (denoted by L h (M, R)) by the submodule, S h L(M ) (r 0 , . . . , r k−1 ), generated by linear skein expression r 0 L 0 + . . . + r k−1 L k−1 assuming that crossings of Fig. 1 . involve different components of L 2i . That is: We have been analyzing S h 3 (M, Z[a ∓1 , z ∓1 ])(a −1 , −z, a) and the computations are easier then in the case of the skein module. We hope that lens spaces can be distinguished using this approach.
The first version of this paper was written in May, 1987. In June 1988 we have got the paper [15] in which ideas similar to ours are (independently) developed. Turaev considers also Kauffman modules (S 3,∞ in our notation) and computes it for S 1 × D 2 (the result obtained also in [4] ). We should mention here one observation from [15] . Namely, it is often convenient to consider skein modules of framed links. In particular S 2,∞ (M ) (and S 3,∞ (M )) can be defined in that way independently of the Heegaard decomposition of the manifold M .
Added in proof. Conjecture 7 has been proved by the author in [13] .
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